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Abstract 



It is established that a ring Q-homeomorphism with respect to p-modulus in R™, n ^ 2, is 
finitely Lipschitz if n — 1 < p < n and if the mean integral value of Q{x) over infinitisimial balls 
' i?(xo,e) is finite everywhere. 
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1 Introduction 



Recall that, given a family of paths r in R n , a Borel function g : R n — > [0, oo] is 
j>. | called admissible for T, abbr. g G admT, if 

in 



(1.1) J gds > 1 

7 

for all 7 G T. The p-modulus of T is the quantity 

(1.2) M p (r) = inf / gP(x) dm(x) . 

g£adm T J 

Here the notation m refers to the Lebesgue measure in M. n . 

Let G and G' be domains in R n , n > 2, and let Q : G — > [0, oo] be a measurable 
function. A homeomorphism / : G — > G' is called a Q—homeomorphism with 
respect to the p-modulus if 

(1.3) M p (fr) < J Q(x) ■ gP(x) dm(x) 

G 

for every family T of paths in G and every admissible function g for V. 

This conception is a natural generalization of the geometric definition of a 
quasiconformal mapping: if Q(x) < K < oo a.e., then / is quasiconformal under 
p = n, see 13.1 and 34.6 in [Va], and quasiisometric under 1 < p / n, see [Gei]. 

This class of Q-homeomorphisms with respect to the n-modulus was first con- 
sidered in the papers [MRSYi]-[MRSY 3 ], see also the monograph [MRSY]. The 
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main goal of the theory of Q-homeomorphisms is to clear up various interconnec- 
tions between properties of the majorant Q(x) and the corresponding properties of 
the mappings themselves. In particular, the problem of the local and boundary be- 
havior of Q-homeomorphisms has been studied in R n first in the case Q G BMO 
(bounded mean oscillation) in the papers [MRSYi]-[MRSY 3 ] and then in the case 
of Q G FMO (finite mean oscillation) and other cases in the papers [IRi], [IR2], 
[RSx]. 

Note that the estimate of the type (1.3) was first established in the classical 
quasiconformal theory. Namely, it was obtained in [LV], p. 221, for quasiconformal 
mappings in the complex plane that 



;i-4) 



M(fT) < J K(z)-p 2 (z) dxdy 



where 
(1.5) 



K(z) 



\M + \h 



\M - \h\ 

is a (local) maximal dilatation of the mapping / at a point z. Next, it was obtain 
in [BGMV], Lemma 2.1, for quasiconformal mappings in space, n > 2, that 



1.6) 



M(/r) < J Kj(x,f)p n (x) dm(x) 

D 



where Ki(x, f) stands for the inner dilatation of / at x, see (1.8) below. 

Given a mapping / : G — > W 1 with partial derivatives a.e., f'(x) denotes the 
Jacobian matrix of / at x G D if it exists, J(x) = J(x, f) = det f'(x) the Jacobian 
of / at x, and !/'(#) | the operator norm of f'(x), i.e., (/'(^I = max{|/'(x)/i| : 
h G R n , \h\ = 1}. We also let l(f'{x)) = mm{\f(x)h\ : h G M n , \h\ = 1}. The outer 
dilatation of / at x is defined by 



;i-7) 



Ko(xJ) = 



the inner dilatation of / at x by 



(1.8) 



K I (x,f) = { 



1, 

00, 



\J(*,f)\ 

i(f(x)r- 



1, 

00, 



if J(x,f)^0 
if f\x) = 
otherwise, 



if J(x,f)^0 
if f'(x) = 
otherwise, 



The following notion generalizes and localizes the above notion of Q-homeo- 
morphism. It is motivated by the ring definition of Gehring for quasiconformal 
mappings, see, e.g., [Ge2], introduced first by V. Ryazanov, U. Srebro, and E. 
Yakubov in the plane and later on extended by V. Ryazanov and E. Sevostyanov 
to the space case, see, e.g., [RS 2 ], [RSY] and Chapters 7 and 11 in [MRSY]. 

Let E, F C R n be arbitrary sets. Denote by A(E, F, G) a family of all curves 
7 : [a,b] ->■ 1" joining E and F in G, i.e., 7(a) G E,j(b) G F and j(t) G G 
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for t G (a,b). Given a domain G in M n , n > 2, a (Lebesgue) measurable function 
Q : G — ?> [0,oo], so G G, a homeomorphism / : G — >■ R n is said to be a ring 
Q-homeomorphism at the point x if 

(1.9) M p (/ (A (S u S 2 , A))) < J Q(x) ■ rf(\x - x \) dm(x) 

A 

for every ring A = A(ri,r 2 ,x ) = {x G R n : T\ < \x — x \ < r 2 } and the spheres 
Si = S(xo,ri) = {x G M. n : \x — Xq\ = n}, where < ri < r 2 < r : = dist (xo,dD), 
and every measurable function r] : (ri,r 2 ) — > [0, 00] such that 

(1.10) y 77(r) dr > 1. 

ri 

f is called a ring Q—homeomorphisms with respect to the p-modulus in the domain 
G if / is a ring Q-homeomorphism at every point x E G. 

Let f : G — )■ l",n > 2 be a quasiconformal mapping. The angular dilatation 
of the mapping / : G — > W 1 at the point x G G with respect to rr G G, rr 7^ x is 
defined by 

(1.11) D f (z,z )- JU - j) 



where 



lf(x, Xq) = min 



l](x,x ) ' 
l^/(x)| 



Here dhf{x) denotes the derivative of / at x in the direction h and the minimum 
is taken over all unit vectors h G M. n , see [GG]. 

We recall that the estimate of the type (1.9) was first established in the classical 
quasiconformal theory in complex plane, see [GS]. Next, it was obtained in [GG], 
for quasiconformal mappings in space, n > 2, that 

(1.12) M (/ (A (Si, S 2 , A))) < J D f (x,x )-r ] n (\x-x \) dm(x) 

A 

for every ring A = A(xo,ri,r 2 ) = {x G R n : r± < \x — xq\ < r 2 } and the spheres 
Si = S(x , ri) = {x G W 1 : \x — Xq\ = r^, where < r\ < r 2 < r : = dist (x , dG), 
and every measurable function r\ : (ri,r 2 ) — > [0, 00] such that (1.10) holds. 

Note that, in particular, homeomorphisms / : G — > R n in the class 
with Kj(x, f) G L\ oc are ring Q-homeomorphisms as well as Q-homeomorphisms 
with Q(x) = Ki(x,f), see, e.g., Theorem 6.10 and Corollary 4.9 in [MRSYi], or 
Theorem 4.1 in [MRSY]. 



2 Preliminaries 

Here a condenser is a pair E = (A, C) where A C R n is open and C is a non- 
empty compact set contained in A . E is a ringlike condenser if B = A \ C is a 
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A 
1/2 



ring, i.e., if B is a domain whose complement W l \B has exactly two components 
where W 1 = ~R n U {00} is the one point compactification of R n . E is a bounded 
condenser if A is bounded. A condenser E = (A, C) is said to be in a domain G 
if A c G . 

The following proposition is immediate. 

2.1. Proposition. If f : G — > M. n is open and E = (A, C) is a condenser 
in G, then (fA, fC) is a condenser in fG . 

In the above situation we denote fE = (fA, fC) . 

Let E = (A, C) be a condenser. Then W (E) = W (A, C) denotes the family 
of non-negative functions u : A — > R l such that (1) u G Co(A), (2) u(x) > 1 for 
x E C, and (3) u is ACL . We set 

(2.2) cap p E = cap{A,C) = inf / \Vu\ p dm 

u£Wo(E) J 

where 

|Vu| = (± (d iU ) 2 j 

and call the quantity (2.2) the p-capacity of the condenser E . 
For the next statement, see, e.g., [Ge], [He] and [Sh]. 

2.3. Proposition. Suppose E = (A, C) is a condenser such that C is 
connected. Then 

cap p E = M p (A(dA, dC; A \ C)) . 

We give here also the following two useful statements, see Proposition 5 and 6 
in [Kr]. 

2.4. Proposition. Let E = (A, C) he a condenser such that C is connected. 
Then 

(inf m n _i a f 

where m„_i a denotes the (n — 1)- dimensional area of the C°°-manifold a that is 
the boundary a = dll of open set U containing C and contained along with its 
closure U in A and the inhmum is taken over all such o . 



2.5. Proposition. Let E = (A, C) be a condenser such that C is connected. 
Then for n — 1 < p < n 

where 7 is a positive constant that depends only on n and p, d(A) is a diameter 
and m(A) is the Lebesgue measure of A in R n . 
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3 Characterization of ring Q— homeomorphisms with re- 
spect to the j9-modulus 

The theorems of this section extend the corresponding results in [RS2], see also 
Section 7.3 in the monograph [MRSY], from the case of p = n to the case of 
p G (l,n]. Below we use the standard conventions: a/00 = for a 7^ 00 and 
a/0 = 00 if a > and ■ 00 = 0, see e.g. [Sa], p. 6. 



3.1. Lemma. Let G be a domain in W 1 , n > 2, 1 < p < n, Q : G — > [0 , 00] 
a measurable function and g xo (r) the mean of Q(x) over the sphere \x — x \ = r . 

/dr 
~~ l — 1 — 
I! —T P-l I \ 

and Sj = {x E M n : \x — x \ = rj}, j = 1,2, where Xo G G and < r\ < r 2 < 
tq = dist (xq, dG). Then whenever f : G — > R n is a ring Q—homeomorphism with 
respect to the p-modulus at a point x 

(3.3) M p (A(fS 1 JS 2 JG)) < ^0 

where u n ^i is the area of the unit sphere in M. n . 



Proof. With no loss of generality, we may assume that 1^0 because otherwise 
(3.3) is trivial, and that I ^ 00 because otherwise we can replace Q(x) by Q(x) + 
5 with arbitrarily small 5 > and then take the limit as 5 — > in (3.3). The 
condition I ^ 00 implies, in particular, that q xo (j') 7^ a.e. in {r\ ,r 2 ) . Set 

{ n _! _L_ 
l/[t^q^{t)] , te(r 1 ,r 2 ), 
0, t^(ri,r 2 ). 

Then 

(3.5) J Q(x) ■ ip p (\x - x \) dm(x) = u n -il 

A 

where A = A(xq, r±, r 2 ). 

Let T be a family of all paths joining the spheres Si and S2 in A . Let also ip* 
be a Borel function such that ip*(t) = ip(t) for a.e. t G [0 , 00] . Such a function 
tp* exists by the Lusin theorem, see, e.g., 2.3.5 in [Fu] and [Sa], p. 69. Then the 
function 

p(x) =tl>*(\x-x \)/I 

is admissible for T and since / is a ring Q— homeomorphisms with respect to the 
p-modulus we get by (3.5) that 



(3.6) M p (fT) < J Q(x) ■ p p (x) dm(x) 

A 

and the proof is complete. 



IP- 



-1 



6 



RUSLAN SALIMOV 



The following lemma shows that the estimate (3.3) cannot be improved for ring 
Q— homeomorphisms with respect to the p-modulus. 

3.7. Lemma. Let G he a domain in IR n , n > 2, 1 < p < n, x G G, < 

r\ < r 2 < r = dist(x ,dG), A = A(x ,ri,r 2 ) = {x G R n : r x < \x — x \ < r 2 }, 
Q : — >■ [0, oo] he a measurable function. Set 

(3.8) 77o(r) 



I rp- 1 qx 1 (r) 



where q xo (j') is the mean of Q(x) over the sphere \x — x \ = r and I is given by 
(3.2). Then 

(3.9) = J Q(x) ■ r&{\x - x Q \) dm(x) < J Q(x) ■ V p (\x - x \) dm(x) 

A A 

whenever r] : (ri,r 2 ) — > [0, oo] is measurable and 

(3.10) J rj(r) dr = 1 . 



n 



Proof. If I = oo , then the left hand side in (3.9) is equal to zero and 
the inequality is obvious. If / = 0, then q xo ij') = oo for a.e. r G (r 1 ,r 2 ) 
and the both sides in (3.9) are equal to oo. Hence we may assume below that 
< / < oo . Now, by (3.8) and (3.10) q xo (j') 7^ an d v( r ) 00 a - e - i n ( r i> r 2)- 

n-l n-1 

Set A(r) = rp~ 1 qxo (r)r)(r) and w(r) = l/rp~ 1 qSo ( r )- Then by the standard 
conventions r)(r) = X(r)w(r) a.e. in {r\,r 2 ) and 

(3.11) C := J Q(x) ■ r] p (\x - x \) dm(x) = w n _i f A p (r) • w(r) dr . 

A V! 

By Jensen's inequality with weights, see, e.g., Theorem 2.6.2 in [Ra], applied to 
the convex function ip(t) = t p in the interval Q = {r\,r 2 ) with the probability 
measure 

(3.12) u(E) = j J w(r) dr 

E 

we obtain that 

(3.13) (J X p (r)w(r) dr^ > j X(r)w(r) dr = j 

where we also applied that i](r) = X(r)w(r) satisfies (3.10) . 
Thus 

(3.14) c > ^Er 

and the proof of (3.9) is complete. 
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Finally, combining Lemmas 3.1 and 3.7, we obtain the following statement. 

3.15. Theorem. Let G be a domain in R n , n > 2 , and Q : G — >■ [0, oo] a 
measurable function. A homeomorphism f : G — > R n is ring Q—homeomorphism 
with respect to the p-modulus at a point Xq G G if and only if for every < r\ < 
r 2 < d = dist (x , dG) 

(3.16) M p (A(fS 1 ,fS 2 fG)) < ^ 

where Si and S 2 , Si = {x G R n : |rc — rn 1 = ri} and S 2 = {x G R n : |rc — a; | = r 2 }. 
uj n -i is the area of the unit sphere in R n , I = I(x ,ri,r 2 ) = J n _ 1 \ , 

q Xo (j') is the mean value of Q over the sphere \x — xq\ = r . 

Note that the infimum from the right hand side in (1.9) holds for the function 

(3-17) m(r)= . 

Ir^qxo 1 (r) 

Theorem 3.15 will have many applications in the theory of ring Q— homeomorphisms 
with respect to the p-modulus, see, e.g., the next section. 

4 On finite by Lipschitz mappimgs 

Given a mapping y? : E — > R n and a point x G E C E n , set 

\<p{y) - ip{x)\ 

y^xyeE \y " X\ 

and 

\ip(y) - ip(x)\ 



(4.1) L(x,ip) = limsup 



(4.2) l(x, (f) = liminf 

y^xy£E \y — x\ 

Given a set A C R n , n > 1, we say that a mapping / : A — > R n is called 
Lipschitz if there is number L > such that the inequality 

(4.3) \f(x)-f(y)\ <L\x-y\ 

holds for all x and y in A. Given an open set Q C R n , we say that a mapping 
/ : Q — > R n is finitely Lipschitz if L(x, /) < oo for all x G Q. 

4.4. Lemma. Let G and G' be bounded domains in R n , n > 2, Q : G — > 
[0, oo] be a measurable function and let f : G — > G' be a ring Q—homeomorphism 
with respect to p-modulus at a point x E G, 1 < p < n. Then 

(4-5) miff^n,,-:))- 



..(p-i) 
I »-p (x ,ri,r 2 ) 



8 



RUSLAN SALIMOV 



for every < r\ < r 2 < d = dist (x ,dG) where I(xQ,ri,r 2 ) is defined by (3.2) 
and c nt p is a positive constant that depends only on n and p. 



Proof. Let us consider the condenser (A t+At , C t ), where C t = B(xq, t), A t +At = 
B(xo,t + At). Note that (fA t+At , fCt) is a ringlike condenser in R n and according 
to Proposition 2.3, we have 

(4.6) cap p (/A t+At , fC t ) = M p (A(dfA t+At , dfC t ; fR t )). 

In view of Proposition 2.4, we obtain 

(inf m n _i a f 



(4.7) 



c&P p (fA t+At JC t ) ^ 



m(fA t+At \fC t ) 



p-i ' 



where m n _i a denotes the (n — l)-dimensional area of a C^-manifold a that is 
the boundary of an open set U containing fC t with its closure U in fA t+At and 
the infimum is taken over all such a. 

On the other hand, by Lemma 3.1, we have 



(4.8) 



M p (A(dfA t+At ,dfC t ;fR t )) ^ 



ds 



t+At 

I n-1 1 



p-1 ■ 



Combining (4.6)-(4.8), we obtain 
(inf m n _i af 



m(fA t+At \fC t ) 



p-i 



t+At 



p-1 ■ 



r ds 

J n-1 1 " 



Applying the isoperimetric inequality to the numerator of the fraction on the 
left-hand side we came to the inequality 



(4.9) 



n-^{m{fC t ))— <coti 



\ p 



m(fA t+At \fC t ) 

t+At 

r as 

J n-1 1 



where Q n is the volume of the unit ball in R". 

Now, setting $(t) := m (fB t ), we see from (4.9) that 



(4.10) 



/ \ 

<f>(t+At)-$(t) 
Af 

1 t+At 

1 r ds 



p-i 
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Since the function $(t) is nondecreasing, has finite derivative <&'(t) for a.e. t. 
Letting At — > in (4.10) and taking into account that u) n -\ = nQ n , we obtain 



(4.11) 



„ , p(n-l) 



Integrating (4.11) under 1 < p < n with respect to t e [ri,^], since 



7 &(t 

I p(n-l 



*(«) dt ,»(f-i: 



p — n 



p — n p—n \ 

(j)n(p-l) ^ r2 ^ _ $n(p-l) ^ ri ^ ; 



see, e.g., Theorem IV. 7.4 in [Sa], we observe that 

-n 

(4.12) f^ (p 



% f dt 



n t*- 1 gl (t) ^ 
From (4.12) we conclude that 



^ $"(p-i) (r 2 ) — $«(p-i) (n) . 



r2 



n(p-l) 
p — n 



and hence 



p - 1 \ 

n — p 



»*2 



dt 



n(p-l) 
n — p 



Combining Lemmas 3.7 and 4.4, we have the following statement. 

4.13. Lemma. Let G and G' be bounded domains in R n , n > 2, Q : G — > 
[0, 00] be a measurable function and let f : G — >■ G' be a ring Q—homeomorphism 
with respect to the p-modulus. Then for 1 < p < n 



(4.14) mi/B^cn))^:, 



Q(x)rf(\x — xq\) dm{x) 



for every ring A = A(x ,r 1 ,r 2 ), < T\ < r 2 < d = dist(x ,dG) and for every 
measurable function r\ : (r 1? r 2 ) — >■ [0, 00] , such that 



T2 



(4.15) J n(r) dr > 1 . 

ri 

where c' n p is a positive constant that depends only on n and p. 



4.16. Theorem. Let G and G' be domains in R n , n > 2, and Q : G — >■ 

[0, 00] be a measurable function such that 
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(4.17) Q = lim — — ( Q(x) dm(x) < oo. 

_B(x ,£) 

Tien for every ring Q—homeomorphism f : G — > G' with respect to the p- 
modulus, n — 1 < p < n, 

(4.18) L(x , f) = lim sup ~ /( f o)l < X n>p Qr 

x— >xo \X — Xq I 

where A„ iP is a positive constant that depends only on n and p. 

Proof. Let us consider the spherical ring A(xq, e, 2e) = {x : e < \x — xq\ < 2e}, 
x e G, e > such that A(x ,e,2e) C G. Since (fB(x Q ,2e),fB(x Q ,ef) = 

(fB (x , 2e) , fB (x , efj are ringlike condensers in G' and, according to Proposi- 
tion 2.3, we obtain 



cap p (fB(x , 2e)JB(x , e)) = M p (A(dfB(x , 2e), dfB(x , e); fA(x , e, 2e))) . 
Note that, in view of the homeomorphism of /, 

A (dfB (x , 2s) , dfB (x , e) ; fA(x , e, 2s)) = f (A (dB(x , 2s), dB(x , e); A(x , s, 2s))) 
By Proposition 2.5 

dP(fB(x ,s)) 



(4.19) ca Pp (fB(x ,2e)JB(x ,e)) > ^-^^-j 

where 7 is a positive constant that depends only on n and p, d(A) is the diameter 
and m(A) is the Lebesgue measure of A in R n . 

By the definition of ring Q— homeomorphisms with respect to the p- modulus 

(4.20) ca Pp (fB(x ,2e)JB(x ,e)) < ^ J Q(x) dm(x) 

A(xo,e,2e) 

because the function 



V (t) = 



i, if*e(e,2e), 
0, ifieR\(e,2e) 



satisfies (1.10) for r± — s and r 2 = 2s. 
Next, the function 



if t e (2s, As) 
"0, if t G R\ (2s, As), 



2e' 



satisfies (1.10) for r\ = 2s and r 2 = As and hence by Lemma 4.13 we have the 
following estimates: 
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(4.21) m(fB(x^2e))^c'^ 



m(B(x,4e)) 



Q(x) dm(x) 



B(xoAe) 



where d' n v is a positive constant that depends only on n and p. 
Combining (4.21), (4.20) and (4.19), we obtain 



d(fB(x ,e)) 



and hence 



n(l — n+p) 
p(n-p) 



m(B(x ,As)) 



Q{y) dy 



B(x ,4e) 



m(B(x,2e)) 



Q(x) dm(x) 



B(x ,2e) 



T , ~ r \f(x)-f(x )\ d(fB(x ,e)) ^ ^ 
L{x , j) = hm sup : : < urn sup < A„ iP Q p . 

X^fXQ \X — Xq\ £^0 £ 

where \ n , p is a positive constant that depends only on n and p. 



4.22. Corollary. Let G and G' be domains in R n , n > 2, / : G ->■ G' be a 
ring Q—homeomorphism with respect to the p-modulus, n — 1 < p < n, such that 



(4.23) 



lim 

r-i-0 £ ' r 



Q(x) dm(x) < oo V x e C 



B(x ,e) 



Tiien / is finitely Lipschitz. 



Note that the theory of ring Q— homeomorphisms with respect to p-modulus 
can be applied to mappings in the Orlich-Sobolev classes W]^ with a Calderon 
type condition on ip and, in particular, to the Sobolev classes for p > n — 1, 
cf. [KRSS]. 

ACKNOWLEDGMENT: I thank Professor Vladimir Ryazanov for 
interesting discussions and valuable comments. 
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